We introduce the concept of a triangular representation of a Lie algebra, give a counterpart of Ado's theorem, and discuss 2-irreducible triangular modules over a nonreductive Lie algebra.
It is well-known that the representation theory of semisimple Lie algebras is a fruitful area in Lie theory, but it is basically not known how to develop the finite dimensional representation theory of non semisimple Lie algebras. This fact makes us feel strongly that the ordinary definition of a representation of a Lie algebra is too general to give rise to an effective way of developing the representation theory of non semisimple Lie algebras. If a restrictive definition has to be used to study representations for non semisimple Lie algebras, which conditions should be added to the ordinary definition of a representation of a Lie algebra?
By a fact which is due to E. Cartan, a nonreductive Lie algebra does not have a faithful finite dimensional irreducible representation. Hence, replacing the linear transformations in the general linear Lie algebra by the linear transformations which have more than two invariant subspaces should be one change we should do to introduce a restrictive definition for a representation of a non semisimple Lie algebra. By Ado's theorem, a finite dimensional Lie algebra over a field of characteristic 0 has a finite dimensional faithful representation such that every element in its nil radical ( which is the largest nilpotent ideal) can be represented by a nilpotent linear transformation. Since it is easy to get a lot of nilpotent linear transformations on a finite dimensional graded vector space and a finite dimensional module over a finite dimensional Lie algebra automatically has a graded vector space structure after treating the module as a module over a Levi factor of the Lie algebra, replacing the general vector space in the ordinary definition of a representation of a Lie algebra by a graded vector space and requiring that the elements in the nil radical of a Lie algebra are represented in terms of a class of obvious nilpotent linear transformations on the graded vector space should be another change we should do. Based on these ideals, we write this paper to introduce the concept of a triangular representation of a Lie algebra and to give some evidences which indicate that it is reasonable to develop the representation theory of non semisimple Lie algebras by using triangular representations. This paper consists of two parts. In part 1, we use linear transformations which have many invariant subspaces to define the general triangular linear Lie algebra. It turns out that the general triangular linear Lie algebra, which is a subalgebra of the general linear Lie algebra, has a natural graded vector space structure. Based on this property of the general triangular linear Lie algebra, we add two more conditions in the ordinary definition of a representation of a Lie algebra to introduce the concept of a triangular representation of a Lie algebra. We finish Part 1 with the main result of this paper which claims that every finite dimensional Lie algebra over a field of characteristic 0 has a finite dimensional faithful triangular representation. Because of this counterpart of Ado's theorem, we know that although the concept of a triangular representation of a Lie algebra is restrictive, this concept is still general enough. This is our reason to initiate the study of the triangular representations of Lie algebras. In Part 2, we discuss finite dimensional 2-irreducible triangular representations of a nonreductive Lie algebra sℓ Throughout this paper, F is a field of characteristic 0, all vector spaces are finite dimensional vector spaces over F, and the notation k ∈ Z ≥j means that k is an integer which is larger than or equal to j.
Part 1: The counterpart of Ado's theorem
For convenience, we use k≥j V k to denote a graded vector space k∈Z ≥j V k . If V = k≥j V k is a finite dimensional graded vector space, then V k = {0} for large k.
Let End △ k≥0 V k be the set of all triangular linear transformations on the graded vector space k≥0 V k . We write gℓ 
Obviously, every element in j≥1 gℓ The next proposition proves that the concept of triangular representation of a Lie algebra is in fact quite natural.
Proposition 0.3 A finite dimensional Lie algebra can be made into a graded vector space such that its adjoint representation is a triangular representation.
We finish Part 1 of this paper with the following counterpart of Ado's theorem. The purpose of Part 2 of this paper is to describe 2-irreducible triangular sℓ Λ 2 -modules, where the nonreductive Lie algebra sℓ Λ 2 with Λ ∈ Z ≥1 is defined as follows: sℓ
where Λ ≥ j, j ′ ≥ 0 and z j := 0 for j ∈ {0, 1, ..., Λ}.
Clearly, the 3-dimensional Lie algebra sℓ 2 = Ff ⊕ Fh ⊕ Fe is a Levi factor of sℓ 
and arbitrary n − s scalars a 1 , ... , a n−s ∈ F, there is a 2-irreducible triangular sℓ
m, n (a 1 , ..., a n−s ) which is defined as follows: (a 1 , . .., a n−s ) for some n − s scalars a 1 , ... , a n−s ∈ F and some non-negative integers m, n, s and N which satisfy the conditions in (1) .
